Published by Institute of Physics Publishing for SISSA/ISAS Received: November 3, 2003 Revised: March 19, 2004 Accepted: March 24, 2004

Supersymmetric D-branes in type-IIB plane wave background

Kyung-Seok Cha and Bum-Hoon Lee

Department of Physics, Sogang University Seoul 121-742, Korea E-mail: quantum21@korea.com, bhl@ccs.sogang.ac.kr

Hyun Seok Yang

School of Physics, Seoul National University Seoul 151-747, Korea E-mail: hsyang@phya.snu.ac.kr

Abstract: We systematically analyze supersymmetric D-branes in the type-IIB plane wave background using Green-Schwarz superstring theory. We find several new supersymmetric oblique and curved D-branes. The supersymmetries preserved by various configurations of these D-branes including their intersections are also identified. In particular, we show that D_+-branes of type (+, −, n, n) for n = 1, 2, 3, 4 preserve 4 dynamical supersymmetries by introducing gauge field excitations and newly discovered oblique D5- and D7- branes also preserve four or two dynamical supersymmetries with gauge field condensates. Furthermore we find new curved D-branes preserving four dynamical supersymmetries.

Keywords: D-branes, Penrose limit and pp-wave background.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep032004058 /jhep032004058 .pdf

Contents

1. Introduction 1

2. Flat D-branes in a plane wave background 3

3. Open string mode expansion for D-branes 6

4. Intersecting D-branes 7

5. Supersymmetry of flat D-branes 10

6. Supersymmetry of intersecting D-branes 17

7. Supersymmetric curved D-branes 22

8. Discussion 25

A. D-brane field equations 26

1. Introduction

In many recent developments in string theory, D-branes carrying Ramond-Ramond charges have played an important role in the understanding of string dualities [1, 2]. D-branes have precisely the correct properties to fill out duality multiplets together with fundamental string states and other field theoretic solitons. Furthermore D-branes have been successfully used to explain various supersymmetric and nonsupersymmetric field theories including the AdS/CFT correspondence and the entropy of some black-holes. More recently, there have been attempts in understanding some cosmological issues and the hierarchy problem with D-branes.

D-branes can be described by boundary states of closed string states [3, 4]. The symmetries that the boundary state preserves are thus generically the combinations of the closed string symmetries that leave the boundary state invariant. However, it is a challenging problem to completely classify the D-branes in a general string background since it is necessary to quantize the string theory in the background. Recently a maximally supersymmetric type-IIB string background was found, which is the Penrose limit of the AdS_5 × S^5 background in type-IIB supergravity [5],

ds^2 = −2dx^+dx^− − μ^2x^2_I (dx^+)^2 + dx_I^2 , F_{+1234} = F_{+5678} = 2μ . (1.1)

– 1 –

Since the string theory is exactly solvable in the Ramond-Ramond background (1.1) [6, 7], it may be possible to get the complete spectrum of D-branes in the background. Moreover it was realized in [8] that the type-IIB string theory in the plane wave background (1.1) has a very simple description in terms of the dual supersymmetric Yang-Mills theory.

As the first step towards this goal, we systematically classify static D-branes in the maximally supersymmetric type-IIB plane wave background (1.1) using the Green-Schwarz superstring theory. Recently it was noticed in [9, 10] that the background (1.1) admits oblique D-branes (OD-branes) whose isometry is a subgroup of the diagonal SO(4) symmetry of the background as well as curved D-branes preserving some supersymmetries. The supergravity solution of oblique D-branes was also discussed in [11]. These branes do not belong to the class of the D_±-brane [12]–[20]. Only a special class of oblique and curved D-branes, however, was found in [9, 10] and it is thus demanded to know the complete list of the D-branes in the background (1.1) and the supersymmetries preserved by various configurations of these D-branes.

In this paper we are using the light-cone open string theory, where the light-cone worldvolume coordinates X^± necessarily satisfy the Neumann boundary condition - longitudinal branes. The instantonic branes and branes with only one light-cone coordinate along the worldvolume in [14] are not visible in the light-cone open string theory. Thus these D-branes lie outside our classification. To study these branes, one may use boundary state formalism for the former branes and covariant gauge formulation for the latter.

This paper is organized as follows. In section 2, we present a worldsheet formulation using the Green-Schwarz superstring action in light-cone gauge for an open string attached on a flat D-brane. We first find the most general condition satisfied by the longitudinal D-brane in the plane wave background (1.1) and determine the complete spectrum of the flat D-branes. Supersymmetric flat longitudinal D-branes are summarized in table 1.

In section 3, we give the mode expansion of open strings consistent with a general class of open string boundary conditions in the Green-Schwarz superstring theory context.

In section 4, the analysis is generalized to the case of intersecting D-branes using the formalism of our previous work [21]. It is shown that oblique D-branes consistently intersect with usual D_±-branes.

In section 5, the supersymmetries preserved by various flat D-branes are explicitly identified by finding conserved worldsheet supercurrents consistent with open string boundary conditions [20]. In particular, we show that D_+-branes of type (+, −, n, n) for n = 1, 2, 3, 4 preserve 4 dynamical supersymmetries by introducing gauge field excitations and newly discovered oblique D5- and D7-branes also preserve four or two dynamical supersymmetries with gauge field condensates. Furthermore, we show that D-branes with odd number of oblique directions preserve no supersymmetry and the D-branes with even number of oblique directions preserve 8 kinematical supersymmetries of which 4 supersymmetries are descending from the closed string and another 4 supersymmetries are the new kind of supersymmetry, not descending from the closed string, as identified by Skenderis and Taylor [17] for D_+-branes. Unbroken supersymmetry of these D-branes is summarized in table 2.

In section 6, the supersymmetry analysis is generalized to intersecting D-branes. All supersymmetric intersecting branes are classified in table 3.

– 2 –

In section 7, we also discuss supersymmetric curved D-branes including those not mentioned in the previous literatures. We find newly discovered curved D-branes preserve four dynamical supersymmetries. Curved D-branes preserving dynamical supersymmetries are listed in table 4.

In section 8, we briefly review our results obtained and discuss some related issues. In appendix A, we show that Born-Infeld fluxes introduced on the worldsheet to enhance the dynamical supersymmetry are consistent with the equation of motion for a worldvolume gauge field on a D5-brane.

2. Flat D-branes in a plane wave background

The Green-Schwarz light-cone action in the plane wave background (1.1) describes eight free massive bosons and fermions [6]. In the light-cone gauge, X^+ = τ, the action is given by S = 1 2πα^′p^+ ∫ dτ ∫_{2πα}′_{|p}+_| 0 dσ [ 1 2 ∂_+X_I ∂_−X_I − 1 2 μ^2X^2_I − iS̄(ρ^A∂_A − μΠ)S ] (2.1)

where ∂_± = ∂_τ ± ∂_σ. The equations of motion following from the action (2.1) take the form

∂_+∂_−X^I + μ^2X^I = 0 , (2.2) ∂_+S^1 − μΠS^2 = 0 , ∂_−S^2 + μΠS^1 = 0 . (2.3)

We use the following form for SO(8) gamma matrices

γ^I = ( 0 γ^I_{aȧ} γ̃^I_{ȧa} 0 ) (2.4)

where γ̃^I_{ȧa} = (γ^{I T} )_{ȧa} and take the SO(8) chirality matrix as γ = ( 1_8 0 0 −1_8 ) . (2.5)

In what follows, we assume that the spinors S^A(τ, σ), A = 1, 2, are positive chiral fermions, γS^A = S^A, of the form

S^A_α = ( S^A_a 0 ) , (2.6)

where α = 1, . . . , 16 and a = 1, . . . , 8.

Consider an open string attached on a Dp-brane in the plane wave background (1.1). The open string action is just defined by the action (2.1) with string length α = 2α^′p^+ imposed with appropriate boundary conditions on each end of the open string.^1 For longitudinal coordinates X^r on D-branes without any worldvolume flux, we impose the Neumann boundary condition ∂_σX^r|_{∂Σ} = 0 , (2.7)

1In this paper we will use the notation and the convention in [20] with more refined indices. Neumann coordinates X^r are decomposed into oblique directions X^{r̂} and usual parallel directions X^ṙ : r = (r̂, ṙ). Similarly, Dirichlet coordinates X^{r′} are also decomposed into oblique directions X^{r̂′} and usual parallel directions X^{ṙ′} : r^′ = (r̂^′, ṙ^′).

– 3 – while for transverse coordinates X^{r′} we have the Dirichlet boundary condition ∂_τ X^{r′} |_{∂Σ} = 0 . (2.8) In the case to include gauge field excitations considered later, some Neumann boundary conditions have to be modified as follow [14, 22, 9, 18, 20] (∂_σX^r ± μX^r)|_{∂Σ} = 0 (2.9) for some r ∈ N. The fermionic coordinates also have to satisfy the following boundary condition at each end of the open string [23] (S^1 − ΩS^2)|_{∂Σ} = 0 , (2.10) where the matrix Ω is the products of γ-matrices along worldvolume directions.

The boundary condition (2.10) has to be compatible with the fermionic equation of motion (2.3) and thus the possible type of D-branes shall be characterized by the matrix Γ defined by Γ ≡ ΠΩΠΩ . (2.11) D_±-branes [12]–[20] are a specific class satisfying Γ = ±1. Since Ω is, in general, a basis in the Majorana representation of SO(8) Clifford algebra,^2 say, Ω^2 = ±1 and Π^2 = 1, one can see that the matrix Γ satisfies the following properties: ΠΩΠΩ = Γ = ΠΩ^T ΠΩ^T , (2.13) ΓΓ^T = 1 , ΠΓΠΓ = 1 . (2.14) Since the matrix Γ is also an element of SO(8) Clifford algebra, it must be either a symmetric or an antisymmetric matrix. In the case the matrix Γ is symmetric, i.e. Γ^T = Γ, it follows from (2.13) and (2.14) that Γ^2 = 1 , [Π, Γ] = 0 = [Ω, Γ] . (2.15) The first equation in eq. (2.15) implies that Γ is a product of 0, 4 or 8 gamma matrices. Therefore we have three classes of D-brane in this case: D_±-brane : Γ = ±1 , (2.16) ODp-brane : Γ = ±γ^{i1i2i′3i′4} , (p = 3, 5, 7) , (2.17) OD5-brane : Γ = ±γ . (2.18)

2 The isometry in the plane wave background (1.1) is indeed SO(4)×SO(4)^′ ×Z2 where the Z2 symmetry interchanges simultaneously the two SO(4) directions [24] Z2 : (x^1, x^2, x^3, x^4) ↔ (x^5, x^6, x^7, x^8) . (2.12) The open string theory on a D-brane is just defined by the closed string action (2.1) by imposing the boundary conditions, (2.7), (2.8), and (2.10). Thus the open string theory on a D-brane has to respect the symmetry of the closed string action which is SO(4) × SO(4)^′ × Z2. Then, we think, the gluing matrix Ω defining the boundary condition of open string fermions should be in the representation of SO(4)×SO(4)^′ × Z2 ⊂ SO(8) Clifford algebra rather than SO(8). This may explain why OD-branes are always at 45^o angle in oblique directions and the spectrum of D-branes is symmetric under the Z2 involution (2.12).

– 4 –

D-brane type Γ Ω D_± ±1 Ω_{D±} OD3 ±γ^{1256 1}_2 (γ^1 −γ^6)(γ^2 ±γ^5) 1 2 (γ^1 −γ^6)(γ^2 ∓γ^5)γ^{34} OD5 ±γ^{1256 1}_2 (γ^1 −γ^6)(γ^2 ∓γ^5)γ^{78} 1 2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{37} OD7 ±γ^{1256 1}_2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{3478} OD_±5 ±γ^1_4 (γ^1 −γ^6)(γ^2 ±γ^5)(γ^3 −γ^8)(γ^4 +γ^7)

Table 1: Flat D-branes with Γ^2 = 1.

The second equation in eq. (2.15) requires that the matrix Γ should contain an even number of gamma matrices in {γ^i, i = 1, . . . , 4} and {γ^{i′} , i^′ = 5, . . . , 8}. For example, Γ = ±γ^{1256} for ODp-branes in eq. (2.17). Then one can easily find the corresponding matrix Ω for the D-branes in eqs. (2.16)–(2.18). The solution shows that the D-branes in eqs. (2.16)–(2.18) contain 0, 2 and 4 oblique directions, respectively. Table 1 shows possible flat D-branes with particular polarizations. Other flat D-branes with different polarizations can be generated by SO(4) × SO(4)^′ rotations of the D-branes in table 1. The D-branes discussed in [9, 10] correspond to the OD3-brane with Γ = −γ^{1256} and OD_−5-brane in table 1.

Applying the same argument in [10], one can show that the OD_±5-branes in table 1 are obtained from the usual D_±5-branes, respectively, by a special rotation R in the coset SO(8)/(SO(4) × SO(4)^′) which leaves the matrix Γ invariant in the spinor space with positive chirality. Specifically, R describes a rotation by π/4 in each of the four planes x^1 − x^6, x^2 − x^5, x^3 − x^8, x^4 − x^7.

On the other hand, in the case the matrix Γ is antisymmetric, i.e. Γ^T = −Γ, it follows from (2.13) and (2.14) that

Γ^2 = −1 , {Π, Γ} = 0 = {Ω, Γ} . (2.19)

The first equation in eq. (2.19) implies that Γ is a product of 2 or 6 gamma matrices. Thus we have two classes of oblique D-brane in this case:

ODp-brane : Γ = ±γ^{i1i′2} , (p = 3, 5, 7) , (2.20) OD5-brane : Γ = ±γ^{i1i2i3i′4i′5i′6} . (2.21)

The second equation in eq. (2.19) forces the matrix Γ to contain an odd number of gamma matrices in {γ^i, i = 1, . . . , 4} and {γ^{i′} , i^′ = 5, . . . , 8}, for example, Γ = ±γ^{16} for ODpbranes in eq. (2.20). The matrix Ω for the D-branes in eqs. (2.20)–(2.21) then contain 1 and 3 oblique directions, respectively. A few solutions of Ω are, in this case, given by Ω = 1 √ 2 (γ^1 ∓ γ^6)γ^2 , (Γ = ±γ^{16}) , (2.22) Ω = 1 2 √ 2 (γ^1 ∓ γ^6)(γ^2 + γ^5)(γ^3 − γ^8)γ^4 , (Γ = ±γ^{123568}) . (2.23)

– 5 –

3. Open string mode expansion for D-branes

According to the gluing matrix Ω in table 1 and in eqs. (2.22)–(2.23), we define diagonal coordinates X^{r̂} = 1 √ 2 (X^r ± X^{r′} ) , X^{r̂′} = 1 √ 2 (X^{r′} ∓ X^r) (3.1)

with the index notation explained in footnote 1. For an OD5-brane described by Ω = 1 2 (γ^1 −γ^6)(γ^2 −γ^5)γ^{34}, for example, we have

Neumann : X^{^1} = 1 √ 2 (X^1 − X^6) , X^{^2} = 1 √ 2 (X^2 − X^5) , X^{˙3} = X^3 , X^{˙4} = X^4 ,

Dirichlet : X^{^5′} = 1 √ 2 (X^5 + X^2), X^{^6′} = 1 √ 2 (X^6 + X^1), X^{˙7′} = X^7 , X^{˙8′} = X^8 .

Since the bosonic equation of motion (2.2) is invariant under the coordinate redefinition (3.1) and insensitive to the fermionic boundary condition (2.10), the mode expansion satisfying the Neumann or the Dirichlet boundary condition, eqs. (2.7)–(2.9), is exactly the same as the usual D_±-branes. See for this, for example, ref. [20].

The mode expansion of the spinor field is found to be

S^1(τ, σ) = S^1_0 (τ, σ) + ∑ n≠0 c_n(φ^1_n(τ, σ)Ω ~S_n + iρ_nφ^2_n(τ, σ)ΠS_n) ,

S^2(τ, σ) = S^2_0 (τ, σ) + ∑ n≠0 c_n(φ^2_n(τ, σ)S_n − iρ_nφ^1_n(τ, σ)ΠΩ ~S_n) , (3.2)

where the basis functions φ^{1,2}_n (τ, σ) are defined by φ^1_n(τ, σ) = e^{−i(ωnτ − n|α| σ)} , φ^2_n(τ, σ) = e^{−i(ωnτ + n|α| σ)} (3.3) and ω_n = sign(n) √ μ^2 + n^2 α^2

, ρ_n = ω_n − n/|α| μ , c_n = 1 √ 1 + ρ^2_n

. (3.4)

S^A_0 (τ, σ) in eq. (3.2) are possible zero modes to be fixed later and the modes ~S_n are determined by requiring the boundary condition (2.10) with the gluing matrix Ω satisfying the relation (2.11):

(1 + ρ^2_nΓ) ~S_n = ( (1 − ρ^2_n) − iρ_nΠΩ(1 + Γ^T ) ) S_n . (3.5)

In the case of Γ^T = Γ, it is useful to decompose the spinors S^A(τ, σ) into eigenspinors of Γ by defining S^A_±(τ, σ) = P_±S^A(τ, σ) , (3.6)

where P_± = 1 2 (1 ± Γ) . (3.7)

– 6 –

It follows from eq. (2.15) that the equations of motion for the spinors S^A_±(τ, σ), eq. (2.3), are completely separated into two independent equations of motion

∂_+S^1_+ − μΠS^2_+ = 0 , ∂_−S^2_+ + μΠS^1_+ = 0 , (3.8) ∂_+S^1_− − μΠS^2_− = 0 , ∂_−S^2_− + μΠS^1_− = 0 (3.9)

and the boundary condition, eq. (2.10), can be separately imposed for the spinors S^A_±(τ, σ)

(S^1_+ − ΩS^2_+)|_{∂Σ} = 0 , (3.10) (S^1_− − ΩS^2_−)|_{∂Σ} = 0 . (3.11)

Then one can immediately see from eqs. (3.2) and (3.5) that the spinor S^A_+(τ, σ) has a D_+-like mode expansion while S^A_−(τ, σ) does a D_−-like mode expansion [20]. This should be obvious since Γ = +1 in the space spanned by S^A_+ while Γ = −1 in the space spanned by S^A_−, namely, ΓS^A_±(τ, σ) = ±S^A_±(τ, σ) . (3.12)

Based on this observation, we can easily find the zero modes S^A_0 (τ, σ) = S^A_{−0}(τ, σ) + S^A_{+0}(τ, σ) in eq. (3.2):

S^1_0 (τ, σ) = cos μτS^−_0 − sin μτΩΠS^−_0 + cosh μσS^+_0 + sinh μσΩΠS^+_0 , S^2_0 (τ, σ) = cos μτΩ^T S^−_0 − sin μτΠS^−_0 + cosh μσΩ^T S^+_0 + sinh μσΠS^+_0 , (3.13)

where P_±S^±_0 = S^±_0 , P_∓S^±_0 = 0 . (3.14)

The commutation relations between the modes read as

{S^{−a}_0 , S^{−b}_0 } = 1 4 P^{ab}_− , {S^{+a}_0 , S^{+b}_0 } = πμ|α| 4 sinh πμ|α| ( P^{ab}_+ cosh πμ|α| − (P_+ΩΠ)^{ab} sinh πμ|α| ) , {S^{±a}_n , S^{±b}_m } = 1 4 δ_{n+m,0}P^{ab}_± , (3.15)

where S^±_n = P_±S_n for n ≠ 0.

One can show that there is no spinor zero mode in the case of Γ^T = −Γ, that is, S^A_0 (τ, σ) = 0. This fact signals no kinematical supersymmetry in this case. In section 5 we will indeed show that the OD-branes in this case, eqs. (2.20)–(2.21), preserve no supersymmetry. Thus we will not give a detailed analysis for this class of OD-branes.

4. Intersecting D-branes

In this section, we will generalize the previous analysis to the case of intersecting D-branes using the formalism in [21]. That is, we now consider an open string stretched between Dp-brane and Dq-brane with appropriate boundary conditions on each end of the open

– 7 – string in the plane wave background (1.1). In particular, the fermionic coordinates have to satisfy the following boundary condition at each end of the open string

(S^1 − Ω_0S^2)|_{σ=0} = 0 , (S^1 − Ω_πS^2)|_{σ=πα} = 0 , (4.1)

with the matrix Ω_θ = (Ω_0, Ω_π) satisfying

ΠΩ_0ΠΩ_0 = Γ_0 , ΠΩ_πΠΩ_π = Γ_π . (4.2)

Here the D-brane is either a D_±-brane or an OD-brane.

The coordinates X^I (τ, σ) of a p − q string can be partitioned into four sets, NN, DD, ND, and DN, according to whether the coordinate X^I has Neumann (N) or Dirichlet (D) boundary condition at each end.^3 For the same reason in section 3, the bosonic coordinates have the same mode expansion as the case of D_±-brane intersection.

The mode expansion of the spinor field can be determined by exactly the same method as that in [21]. We take an appropriate combination of spinor fields ξ^A(τ, σ) with integer modes and η^A(τ, σ) with half-integer modes or with R-modes to be compatible with supersymmetry:

S^1(τ, σ) = { I_+ξ^1(τ, σ) + I_−η^1(τ, σ) , for A-type ; I_−ξ^1(τ, σ) + I_+η^1(τ, σ) , for B-type , S^2(τ, σ) = I_+ξ^2(τ, σ) + I_−η^2(τ, σ) , (4.3)

where 16 × 16 matrices I_+ and I_− are defined by

I_+ = 1 2 (1 + Ω^T_0 Ω_π) , I_− = 1 2 (1 − Ω^T_0 Ω_π) . (4.4)

In eq. (4.3), the A-type solution is for |p − q| = 0, 4, 8 in Dp − Dq brane configurations while the B-type solution for |p − q| = 2, 6. The spinors ξ^A(τ, σ) and η^A(τ, σ) are taken as the solution of the equations of motion (2.3) satisfying the boundary condition (4.1) at σ = 0:

ξ^1(τ, σ) = S^1_0 (τ, σ) + ∑ n≠0 c_n(φ^1_n(τ, σ)Ω_0 ~S_n + iρ_nφ^2_n(τ, σ)ΠS_n) ,

ξ^2(τ, σ) = S^2_0 (τ, σ) + ∑ n≠0 c_n(φ^2_n(τ, σ)S_n − iρ_nφ^1_n(τ, σ)ΠΩ_0 ~S_n) ,

η^1(τ, σ) = ∑ κ c_κ(φ^1_κ(τ, σ)Ω_0 ~S_κ + iρ_κφ^2_κ(τ, σ)ΠS_κ) ,

η^2(τ, σ) = ∑ κ c_κ(φ^2_κ(τ, σ)S_κ − iρ_κφ^1_κ(τ, σ)ΠΩ_0 ~S_κ) , (4.5)

3For intersecting D-branes, we will use indices (r, s, · · ·) = (r̂, ŝ, · · · ; ṙ, ṡ, · · ·) (r^′, s^′, · · ·) = (r̂^′, ŝ^′, · · · ; ṙ^′, ṡ^′, · · ·), (i, j, · · ·) = (î, ĵ, · · · ; i̇, j̇, · · ·), and (i^′, j^′, · · ·) = (î^′, ĵ^′, · · · ; i̇^′, j̇^′, · · ·) for NN, DD, ND, and DN coordinates, respectively, with a distinction between hatted indices for oblique directions and dotted indices for parallel directions.

– 8 – where the basis functions φ^{1,2}_ν (τ, σ) are defined by φ^1_ν (τ, σ) = e^{−i(ων τ − ν|α| σ)} , φ^2_ν (τ, σ) = e^{−i(ων τ + ν|α| σ)} (4.6) and ω_ν = sign(ν) √ μ^2 + ν^2 α^2

, ρ_ν = ω_ν − ν/|α| μ , c_ν = 1 √ 1 + ρ^2_ν

(4.7)

for ν = n ∈ Z or κ ∈ Z +^1_2 , R. Here S^A_0 (τ, σ) in the case of Γ^T_0 = Γ_0 are given by eq. (3.13) with a replacement (Ω, Γ) → (Ω_0, Γ_0) while S^A_0 (τ, σ) = 0 in the case of Γ^T_0 = −Γ_0 and

(1 + ρ^2_ν Γ_0) ~S_ν = ( (1 − ρ^2_ν ) − iρ_ν ΠΩ_0(1 + Γ^T_0 ) ) S_ν . (4.8)

We now require the spinors S^A(τ, σ) in eq. (4.3) to satisfy the equations of motion (2.3) and then we need the following condition on I_±:

ΠI_± = { I_±Π , for A-type ; I_∓Π , for B-type.

(4.9)

Noting that the matrices in eq. (4.9) are acting on the positive chirality spinors S^A(τ, σ), one can see that the condition (4.9) is equivalent to the following constraint

Γ_0Γ_π = { 1 or γ , for Γ^T_θ = Γ_θ ; −1 or − γ , for Γ^T_θ = −Γ_θ .

(4.10)

The condition (4.10) clearly explains why a D_−-brane cannot have a supersymmetric intersection with a D_+-brane, as was shown in [21], since Γ_0 = −1 and Γ_π = 1 for this kind of intersection. In addition, the condition (4.10) implies that there may be a supersymmetric intersection between different classes of OD-brane or an OD_±5-brane and a D_±p-brane only if they satisfy Γ_0Γ_π = γ. In section 6 we will show that this case preserves only kinematical supersymmetries.

Note that Ω^T_θ = −Ω_θ for D3- and D7-branes, but Ω^T_θ = Ω_θ for D5-branes and thus

Ω^T_0 Ω_π = { Ω_0Ω^T_π , for A-type ; −Ω_0Ω^T_π , for B-type .

(4.11)

Using eq. (4.11), we get useful identities [21]:

Ω_θI_± = I_±Ω_θ , I_±Ω_0 = ±I_±Ω_π , for A-type ; (4.12) Ω_θI_± = I_∓Ω_θ , I_±Ω_0 = ∓I_±Ω_π , for B-type . (4.13)

It is not difficult to check using eqs. (4.12)–(4.13) that the spinors in eq. (4.3) satisfy the boundary conditions (4.1) only if the mode number κ satisfies the following equation e^{2πiκ} ( (1 − ρ^2_κ) − iρ_κΠΩ_0(1 + Γ^T_0 ) ) S_κ = − ( (1 − ρ^2_κ) + iρ_κΠΩ_0(1 + Γ^T_0 ) ) S_κ . (4.14)

– 9 –

For example, κ ∈ Z +^1_2 when Γ_0 = −1 and when Γ_0 = 1 [21] e^{2πiκ} = − κ + iμ|α| κ − iμ|α| or − κ − iμ|α| κ + iμ|α| . (4.15)

The matrix Ω^T_0 Ω_π consists of products of γ-matrices along the ND and DN directions. Since (Ω^T_0 Ω_π)^2 = 1 and Tr(Ω^T_0 Ω_π) = 0 for Ω^T_0 Ω_π ≠ ±1, there can be only three kinds of possibility:

Ω^T_0 Ω_π = ±1 , ♯_{ND} = 0 , ±γ , ♯_{ND} = 8, ± ( Ξ 0 0 ±Ξ ) , ♯_{ND} = 4 , (4.16)

where Ξ = ( 1_4 0 0 −1_4 ) , (4.17)

and ♯_{ND} denotes the total number of ND and DN directions.

The case Ω^T_0 Ω_π = 1 corresponds to parallel Dp-branes while the case Ω^T_0 Ω_π = −1 corresponds to Dp-anti-Dp branes, but the cases Ω^T_0 Ω_π = ±γ and Ω^T_0 Ω_π = ±Ξ correspond to Dp − Dq or Dp-anti-Dq branes with ♯_{ND} = 8 and ♯_{ND} = 4, respectively. Note that the B-type branes allow only the ♯_{ND} = 4 case.

5. Supersymmetry of flat D-branes

In a light-cone gauge, the 32 components of the supersymmetries for a closed string decompose into kinematical supercharges, Q^{+A}_a , and dynamical supercharges, Q^{−A}_ȧ . For a closed superstring in the plane wave background with the action (2.1), the conserved super-Nöther charges were identified by Metsaev [6]:

Q^{+1} = √ 2p^+ 2πα^′p^+ ∫_{2πα}′_{|p}+_| 0 dσ(cos μτS^1 − sin μτΠS^2) , (5.1)

Q^{+2} = √ 2p^+ 2πα^′p^+ ∫_{2πα}′_{|p}+_| 0 dσ(cos μτS^2 + sin μτΠS^1) , (5.2) √ 2p^+Q^{−1} = 1 2πα^′p^+ ∫_{2πα}′_{|p}+_| 0 dσ ( ∂_−X^I γ^I S^1 − μX^I γ^I ΠS^2 ) , (5.3) √ 2p^+Q^{−2} = 1 2πα^′p^+ ∫_{2πα}′_{|p}+_| 0 dσ ( ∂_+X^I γ^I S^2 + μX^I γ^I ΠS^1 ) . (5.4)

The kinematical supersymmetry is, in general, related to a shift of spinor fields and thus generated by spinor zero modes. We showed in eq. (3.13) that there are two kinds of spinor zero modes, S^±_0 , when Γ^T = Γ. Therefore we expect that there are two kinds of kinematical supersymmetry in this case where each of supersymmetry is generated by S^±_0 . Indeed we will show that an open string on a D-brane with even number of oblique directions preserves 8 kinematical supersymmetries of which 4 supersymmetries generated by S^−_0 are descending from the closed string and another 4 supersymmetries generated by S^+_0 are the new kind of supersymmetry, not descending from the closed string, as identified by Skenderis and Taylor [17] for D_+-branes.

– 10 –

Indeed it was shown in [17, 19] that the light-cone action admits an infinite number of worldsheet symmetries and they all act on the open string spectrum. Since the worldsheet theory on OD-branes can be completely separable into D_±-like ones as was shown in eqs. (3.8)–(3.11), it is obvious that the worldsheet symmetries in [17, 19] are also applicable to the OD-branes. Since we are interested in the open string supersymmetry, we will focus only on the kinematical supersymmetry generated by spinor zero modes S^+_0 .

To see this, let us first consider the kinematical supersymmetry descending from the closed string q^+_− = Q^{+1} + ΩQ^{+2} (5.5)

from which the Nöther charge density q^+_{−τ} reads as

q^+_{−τ} = √ 2p^+ ( cos μτ(S^1 + ΩS^2) + sin μτΩΠ(S^1 − ΓΩS^2) ) . (5.6)

It is easy to show using the equations of motion, eqs. (2.2) and (2.3), that the kinematical supercharge density q^+_{−τ} satisfies the following conservation law ∂q^+_{−τ} ∂τ + ∂q^+_{−σ} ∂σ = 0 (5.7)

with q^+_{−σ} = √ 2p^+ ( cos μτ(S^1 − ΩS^2) + sin μτΩΠ(S^1 + ΓΩS^2) ) . (5.8)

One can immediately see from eqs. (5.8) and (3.12) that the kinematical supersymmetry defined by q^+_{D−} = P_−q^+_− (5.9)

is strictly preserved and is generated by the zero mode S^−_0 .

Next consider the kinematical supersymmetry, not descending from the closed string, preserved on D_+-branes

q^+ = 1 π|α| ∫_{π|α|} 0 dσq^+_τ (5.10)

where

q^+_τ = √ 2p^+ √ πμ|α| sinh πμ|α| e^{μ(σ− 12 π|α|)ΩΠ}(S^1 + ΩS^2) . (5.11)

It is also easy to show that ∂q^+_τ ∂τ + ∂q^+_σ ∂σ = μ √ 2p^+ √ πμ|α| sinh πμ|α| e^{μ(σ− 12 π|α|)ΩΠ}ΩΠ × × ( (S^1 − ΩS^2) − (S^1 − ΓΩS^2) ) (5.12)

where

q^+_σ = √ 2p^+ √ πμ|α| sinh πμ|α| e^{μ(σ− 12 π|α|)ΩΠ}(S^1 − ΩS^2) . (5.13)

– 11 –

D-brane type Γ Ω q^+_{D−} q^+_{D+} q^− D_−5 −1 (3, 1), (1, 3) 8 0 8 D_+(2n + 1) 1 (n, n), n = 1, 2, 3, 4 0 8 4 OD3 ±γ^{1256 1}_2 (γ^1 −γ^6)(γ^2 ±γ^5) 4 4 4 OD5 ±γ^{1256 1}_2 (γ^1 −γ^6)(γ^2 ∓γ^5)γ^{34} 4 4 4 1 2 (γ^1 −γ^6)(γ^2 ∓γ^5)γ^{78} OD5 ±γ^{1256 1}_2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{37} 4 4 2 OD7 ±γ^{1256 1}_2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{3478} 4 4 2 OD_+5 γ^1_4 (γ^1 −γ^6)(γ^2 +γ^5)(γ^3 −γ^8)(γ^4 +γ^7) 0 8 0 OD_−5 −γ^1_4 (γ^1 −γ^6)(γ^2 −γ^5)(γ^3 −γ^8)(γ^4 +γ^7) 8 0 8

Table 2: Supersymmetry of flat D-branes. A D-brane with a gauge field condensate is denoted by the boldface. q^+_{D−} (q^+_{D+} ) is the number of unbroken kinematical supersymmetry of D_−-type (D_+-type).

It is thus obvious that the kinematical supersymmetry defined by

q^+_{D+} = P_+q^+ (5.14)

is preserved and is generated by the zero mode S^+_0 .

In consequence, an open string on a D-brane satisfying Γ^T = Γ preserves 8 kinematical supersymmetries of which 4 supersymmetries are generated by S^−_0 and another 4 supersymmetries are generated by S^+_0 . We summarized our results on the supersymmetry of D-branes in table 2.

On the other hand, an open string on a D-brane satisfying Γ^T = −Γ preserves no kinematical supersymmetry since the matrix Γ has eigenvalues ±i in this case and thus q^+_{−σ}|_{∂Σ} in eq. (5.8) and the right hand side of eq. (5.12) cannot vanish for any component of spinors. This is consistent with the fact that there is no spinor zero mode when Γ^T = −Γ.

Now we investigate the dynamical supersymmetry preserved by an open string on a D-brane characterized by Γ in eq. (2.11). The dynamical supercharge of an open string is given by a combination of those of a closed string compatible with the open string boundary conditions. Due to the boundary condition (2.10), it turns out that the conserved dynamical supercharge is given by (a subset of)^4

q^− = Q^{−1} − ΩQ^{−2} . (5.15)

Using the similar recipe used in the kinematical supersymmetry, it is not difficult to show that the dynamical supercharge density q^−_τ in eq. (5.15) also satisfies the conservation law ∂q^−_τ ∂τ + ∂q^−_σ ∂σ = 0 , (5.16)

4Note that the current definition of the dynamical supercharge q^− differs by a factor −Ω from that in [20, 21].

– 12 – where

q^−_σ = √ 1 2p^+ ( (∂_τ X^rγ^r − ∂_σX^{r′} γ^{r′} )(S^1 − ΩS^2) + (∂_τ X^{r′} γ^{r′} − ∂_σX^rγ^r)(S^1 + ΩS^2) +

+ μX^rγ^rΩΠ(S^1 + ΓΩS^2) − μX^{r′} γ^{r′} ΩΠ(S^1 − ΓΩS^2) ) . (5.17)

If Γ = ±1, we definitely recover the D_±-brane case [20]. It was shown in [14] that D_−- branes of type (+, −, 3, 1) or (+, −, 1, 3) with a constant worldvolume flux also preserve 16 supersymmetries whose possibility was not discussed in [20]. Here we will show how it can be true. In the presence of a constant worldvolume flux F_{+r}, there is an additional boundary action given by

S_B = 1 2πα^′p^+ ∫ dτ ∫_{2πα}′_{|p}+_| 0 dσF_{+r}∂_τ X^+∂_σX^r = F_{+r} 2πα^′p^+ ∫ ∂Σ dτX^r . (5.18)

This boundary term affects the Neumann boundary condition as follows

∂_σ X_r − F_{+r} = 0 . (5.19)

With this boundary condition, only D5-brane among D_−-branes can preserve dynamical supersymmetry. To see this, let us take a (+, −, 3, 1)-brane, for definiteness, extended along (+, −, 1, 2, 3, 5) directions, say, N = (1, 2, 3, 5) and D = (4, 6, 7, 8) and thus we have Γ = −1 and ΩΠ = −γ^{45} in this case. If we turn on the flux F_{+5} = μq only, otherwise F_{+r} = 0, the current q^−_σ in eq. (5.17) at the boundary reduces to

q^−_σ |_{∂Σ} = − √ 1 2p^+

(∂_σ X^5 − μX^4)γ^5(S^1 + ΩS^2) , (5.20)

where we used ∂_σX^r|_{∂Σ} = 0, r = 1, 2, 3 and X^{r′} |_{∂Σ} = 0, r^′ = 6, 7, 8. Thus we see that q^−_σ |_{∂Σ} identically vanishes if X^4|_{∂Σ} = q, as was shown in [14]. From the above analysis, we see that the condition γ^r = ±γ^{r′} ΩΠ is necessary to preserve the dynamical supersymmetry with a constant flux. Obviously (+, −, 3, 1)- and (+, −, 1, 3)-branes only satisfy this condition.

When Γ = ΩΠΩΠ = 1, there is also a new possibility for D_+-branes of type (+, −, n, n) with n = 1, 2, 3, 4 to preserve dynamical supersymmetries by introducing a gauge field excitation,^5 whose possibility was anticipated by Hikida and Yamaguchi [9] from general supersymmetry arguments. To prove this claim, we first introduce projection matrices defined by

P^{D+}_± = 1 2 (1 ± ΩΠ) (5.21)

and projected supercharges q^−_± ≡ P^{D+}_± (Q^{−1} − ΩQ^{−2}) . (5.22)

5This idea was arisen from a discussion with Yasuaki Hikida who we thank for the helpful discussion.

– 13 –

To proceed our argument, it is convenient to decompose Neumann and Dirichlet coordinates into two SO(4) directions: r = (r_1, r_2) and r^′ = (r^′_1, r^′_2) where the subscripts 1 ∈ SO(4) and 2 ∈ SO(4)^′ are used for that purpose. From the definition (5.21), we get

[P^{D+}_± , γ^{r1} ] = 0 = [P^{D+}_± , γ^{r′2} ] , (5.23) P^{D+}_± γ^{r2} = γ^{r2} P^{D+}_∓ , P^{D+}_± γ^{r′1} = γ^{r′1} P^{D+}_∓ . (5.24)

From eq. (5.17) using eqs. (5.23)–(5.24), it is easy to find the condition for the projected supercharge (5.22) to be conserved since q^−_{±σ} at the worldsheet boundary ∂Σ reduces to q^−_{±σ} | | ∂Σ = √ 1 2p^+ ( (∂_τ X^{r′2} γ^{r′2} − ∂_σ X^{r1} γ^{r1} ± μX^{r1} γ^{r1} )P^{D+}_± (S^1 + ΩS^2) +

+ (∂_τ X^{r′1} γ^{r′1} − ∂_σX^{r2} γ^{r2} ∓ μX^{r2} γ^{r2} )P^{D+}_∓ (S^1 + ΩS^2) ) ∂Σ . (5.25)

We see that the Neumann boundary condition should be modified as follows ( ∂_σX^{r1} ∓ μX^{r1} ) ∂Σ = 0 = ( ∂_σX^{r2} ± μX^{r2} ) ∂Σ (5.26)

to preserve the dynamical supersymmetry. This kind of boundary condition can be realized by introducing a gauge field excitation of the form

S_B = 1 2πα^′p^+ ∫ dτ ∫_{2πα}′_{|p}+_| 0 dσF^{−r}∂_σX^r = μ 4πα^′p^+ ∫ ∂Σ dτ(±X^{r1} X^{r1} ∓ X^{r2} X^{r2} ) , (5.27)

where the Born-Infeld flux F^{−r} satisfies

∂_rF^{−r} = 0 , r = (r_1, r_2) . (5.28)

Therefore we proved that D_+-branes of type (+, −, n, n) with n = 1, 2, 3, 4 preserve 4 dynamical supersymmetries by introducing a gauge field excitation, consistent with the result in [9]. Note that the dynamical supersymmetry in this case is preserved regardless of transverse locations of D-brane. One can check that eq. (5.28) is just the equation of motion for the gauge field A, eq. (A.2) with F_5 = 0. In this case we don’t need an additional Chern-Simons coupling such as (A.1).

When Γ^T = −Γ, however, eq. (5.17) immediately shows that there is no chance for q^−_σ |_{∂Σ} to vanish and thus an open string on this D-brane does not preserve any dynamical supersymmetry at all.

In the case of Γ^T = Γ, on the other hand, the condition for q^−_σ |_{∂Σ} to vanish depends on the eigenvalue of the matrix Γ. We therefore introduce projected supercharges defined by

q^−_± ≡ P_±(Q^{−1} − ΩQ^{−2}) . (5.29)

In particular, when Γ = −γ, eight q^−_+ supersymmetries survive only if X^{r̂′} = 0 for all r̂^′ ∈ D while q^− identically vanish because [γ, Ω] = [γ, Π] = 0 and γS^A = S^A. This might be expected since the OD_±5-branes can be related to the ordinary D_±5-branes by a special rotation R in the coset SO(8)/(SO(4) × SO(4)^′) which leaves the matrix Γ invariant in the spinor space with positive chirality [10].

– 14 –

One may wonder whether a D_+5-brane with flux, preserving 8 dynamical supersymmetries, can be rotated to an OD_+5-brane preserving the same kind of supersymmetry. In this case the Neumann boundary condition of the OD_+5-brane needs to be modified to ∂_σX^r − μX^r = 0, ∀r ∈ N. The general expression (5.17), however, implies that it is not possible since we need ΩΠS^A = S^A for OD5-branes, which is never satisfied. It will be shown in appendix A that this can also be understood by investigating a worldvolume Chern-Simons coupling.

To find the condition for the projected supercharge to be conserved, first note that

P_±γ^{r̂} = γ^{r̂}P_∓ , P_±γ^{r̂′} = γ^{r̂′} P_∓ , (5.30) [P_±, γ^ṙ] = 0 = [P_±, γ^{ṙ′} ] . (5.31)

It is then easy to read off the value of q^−_{±σ}|_{∂Σ} from eq. (5.17) using eqs. (5.30)–(5.31): q^−_{+σ} | | ∂Σ =− √ 1 2p^+ ( (∂_σX^ṙγ^ṙ −μX^ṙγ^ṙΩΠ)(S^1_++ΩS^2_+)+(∂_σ X^{r̂}γ^{r̂}+μX^{r̂′} γ^{r̂′} ΩΠ)(S^1_−+ΩS^2_−) ) ∂Σ (5.32) and q^−_σ | |_{∂Σ}=− √ 1 2p^+ ( (∂_σX^{r̂}γ^{r̂}−μX^{r̂}γ^{r̂}ΩΠ)(S^1_++ΩS^2_+)+(∂_σ X^ṙγ^ṙ+μX^{ṙ′} γ^{ṙ′} ΩΠ)(S^1_−+ΩS^2_−) ) ∂Σ . (5.33) For OD3-branes, q^−_{+σ}|_{∂Σ} in eq. (5.32) identically vanishes since ∂_σX^{r̂} = X^ṙ = X^{r̂′} = 0 and thus 4 dynamical supersymmetries q^−_+ are conserved as was shown in [9, 10]. In most cases except OD3-branes, q^−_{±σ}|_{∂Σ} appears not to vanish due to the presence of Neumann coordinates proportional to μ such as X^ṙ and X^{r̂}. However, there are some special cases satisfying P_+Ω = P_+Π or P_+Πγ (5.34)

for some OD5-branes in eq. (2.17). For example, these are OD5-branes with Ω =^1_2 (γ^1 − γ^6)(γ^2 ∓ γ^5)γ^{34} and Ω =^1_2 (γ^1 − γ^6)(γ^2 ∓ γ^5)γ^{78} in table 1. The OD5-brane with Ω = 1 2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{37} in table 1 does not satisfy eq. (5.34).

For the OD5-branes satisfying eq. (5.34), q^−_{±σ}|_{∂Σ} vanish if the following boundary conditions are true, respectively:

∂_σX^ṙ − μX^ṙ = 0 , ∀ṙ ∈ P N , (5.35) ∂_σ X^{r̂} = 0 , ∀r̂ ∈ ON , (5.36) X^{r̂′} = 0 , ∀r̂^′ ∈ OD , (5.37) and ∂_σX^{r̂} − μX^{r̂} = 0 , ∀r̂ ∈ ON , (5.38) ∂_σX^ṙ = 0 , ∀ṙ ∈ P N , (5.39) X^{ṙ′} = 0 , ∀ṙ^′ ∈ P D . (5.40)

Here abbreviations were used according to the index convention described in footnote 1. Note that some Neumann boundary conditions should be modified as in the D_+5-brane to

– 15 – preserve dynamical supersymmetry. Note also that the two kinds of dynamical supersymmetry, q^−_+ and q^−, cannot simultaneously be preserved since two sets of boundary condition, eqs. (5.35)–(5.37) and eqs. (5.38)–(5.40), cannot simultaneously be compatible with each other.

One may test whether an OD-brane with a constant flux as the D_−5-brane can preserve dynamical supersymmetry or not. The currents q^−_{±σ} in eqs. (5.32) and (5.33) immediately show that it is not possible since the condition γ^r = ±γ^{r′} ΩΠ is never satisfied for ODbranes. For OD_−5-brane with Ω = −γ, for example, γ^{r̂} ≠ ±γ^{r̂′} ΩΠ.

From the worldsheet point of view, the modification of the Neumann boundary condition in eq. (5.35) and eq. (5.38) corresponds to the addition of the following boundary terms, respectively:

S_B = 1 2πα^′p^+ ∫ dτ ∫_{2πα}′_{|p}+_| 0 dσF^{−ṙ}∂_σX^ṙ = μ 4πα^′p^+ ∫ ∂Σ dτX^ṙX^ṙ , (5.41)

where the Born-Infeld flux F^{−ṙ} is given by

F^{−ṙ} = μX^ṙ , ṙ = ˙3, ˙4 , (5.42) and S_B = 1 2πα^′p^+ ∫ dτ ∫_{2πα}′_{|p}+_| 0 dσF^{−r̂}∂_σX^{r̂} = μ 4πα^′p^+ ∫ ∂Σ dτX^{r̂}X^{r̂} , (5.43)

where F^{−r̂} = μX^{r̂} , r̂ = ^1, ^2 . (5.44) Thus we have to check whether the Born-Infeld fluxes such as (5.42) and (5.44) are consistent with the equation of motion for a worldvolume gauge field on the OD5-brane. We will show the details in appendix A that a worldvolume Chern-Simons coupling does give rise to the correct boundary conditions (5.35) and (5.38).

Let us take a more close look at the OD5-brane with Ω =^1_2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{37} as well as the OD7-brane with^1_2 (γ^1 −γ^6)(γ^2±γ^5)γ^{3478} in table 1. If the boundary conditions in eqs. (5.36)–(5.37) hold, q^−_{+σ} at the worldsheet boundary ∂Σ is involved only with S^A_+ spinors whose all eigenvalues of the matrix Γ = ΩΠΩΠ are 1. Thus we meet a similar situation to the case of (+, −, n, n)-brane. Indeed it turns out that some conserved dynamical supersymmetries exist in this case too. To see this, let us decompose the Neumann coordinates in the similar way as ṙ = (ṙ_1, ṙ_2). For the OD5-brane, for example, ṙ_1 = 3, ṙ_2 = 7. For the projection matrix (5.21), we get

[P^{D+}_± , γ^{ṙ1} ] = 0 , P^{D+}_± γ^{ṙ2} = γ^{ṙ2} P^{D+}_∓ . (5.45)

Now define doubly projected supercharges

q^−_{+±} ≡ P^{D+}_± P_+(Q^{−1} − ΩQ^{−2}) . (5.46)

Then, from eq. (5.32), we get q^−_{+±σ} at the worldsheet boundary ∂Σ q^−_{+±σ} | | |_{∂Σ} = − √ 1 2p^+ ( ∂_σX^{ṙ1} γ^{ṙ1} ∓ μX^{ṙ1} γ^{ṙ1} )P^{D+}_± (S^1_+ + ΩS^2_+) +

+ (∂_σX^{ṙ2} γ^{ṙ2} ± μX^{ṙ2} γ^{ṙ2} )P^{D+}_∓ (S^1_+ + ΩS^2_+) ) ∂Σ . (5.47)

– 16 –

We see that two dynamical supersymmetries are preserved only if the boundary conditions eqs. (5.36)–(5.37) and the following Neumann boundary conditions given by ( ∂_σX^{ṙ1} ∓ μX^{ṙ1} ) ∂Σ = 0 = ( ∂_σX^{ṙ2} ± μX^{ṙ2} ) ∂Σ (5.48)

hold. The boundary condition (5.48) can also be realized by introducing a gauge field excitation of the similar form as eq. (5.27) with the Born-Infeld flux F^{−ṙ} satisfying

∂_ṙF^{−ṙ} = 0 , ṙ = (ṙ_1, ṙ_2) . (5.49)

The results on the dynamical supersymmetry preserved by D-branes in table 1 have been summarized in table 2, in which we omitted BPS D_±-branes preserving 16 supersymmetries already identified in [20].

6. Supersymmetry of intersecting D-branes

We now analyze the supersymmetry of intersecting D-branes for which open string mode expansion has been given in section 4. In order to put our discussion on a general ground, we will not assume anything about the matrix Γ, so we are including the D-branes in (2.20) and (2.21) as well. The supersymmetry of intersecting D_±-branes was completely identified in [21] using the Green-Schwarz worldsheet formulation which can also be applied to more general class of D-branes under consideration. In what follows, all supercharges are assumed to be expressed in view of the D-brane at σ = 0 in the same way as the mode expansion in section 4.

In general, the unbroken supersymmetry of intersecting D-branes is the ‘intersection’ of supersymmetries preserved by each brane. The intersection is characterized by the projection matrices I_± in eq. (4.4). In section 5, we showed that the conserved supersymmetry of a single D-brane is described by two kinds of projection matrices, P_± and P^{D+}_± , in eqs. (3.7) and (5.21). Thus the unbroken supersymmetry of intersecting D-branes shall be completely characterized by these three kinds of projection matrices. From the definitions of the projection matrices, one can see that they are mutually commuting, viz.,

[I_±, P_±] = [I_±, P^{D+}_± ] = [P_±, P^{D+}_± ] = 0 , (6.1)

if the condition (4.10) holds. From now on, we will assume it.

For an intersection of half BPS D-branes, it was shown in [21] that the supersymmetry of intersecting D-branes is given by I_±q^+ and I_±q^− where the kinematical supercharge q^+ is defined by eq. (5.5) and (5.10) and the dynamical supercharge q^− is by eq. (5.15). For the present problem, however, the supersymmetry of a single D-brane is in general a subset of q^+ and q^−, represented by P_± and P^{D+}_± , as illustrated in table 2. Nevertheless, since all the projection matrices mutually commute as in eq. (6.1), we first find the condition for the supercharges I_±q^+ and I_±q^− to be conserved and then construct unbroken supersymmetries using the projection matrices P_± and P^{D+}_± . This immediately implies that intersecting Dbranes preserve no supersymmetry when Γ^2_0 = −1 since q^+ and q^− were originally not conserved quantities.

– 17 –

Following the recipe explained above, it is simple to check from the conservation laws (5.7) and (5.12) using the identities (4.9), (4.12), and (4.13) that the supercharge

q^+ = I_±(q^+_{D−} + q^+_{D+} ) (6.2)

is conserved for A-type branes with I_+ and for B-type branes with I_− only if Γ^2_0 = 1. Here q^+_{D−} and q^+_{D+} are defined by eq. (5.9) and eq. (5.14), respectively. Since we only required the condition (4.10) for the matrices Γ_0 and Γ_π, there are two kinds of intersection to preserve the kinematical supersymmetry:

Γ_0 = Γ_π , (6.3) Γ_0 = Γ_πγ . (6.4)

The special case, Γ_0 = ±1 = Γ_π, in eq. (6.3) was already analyzed in [21] and their unbroken supersymmetry was completely identified. eq. (6.4) implies that there are supersymmetric intersections between D_±-branes and OD5_±-branes as well as between ODp-branes with, e.g., Γ_0 = ±γ^{1256} and ODq-branes with Γ_π = ±γ^{3478}.

For a given class in (6.3) or (6.4), the number of unbroken kinematical supersymmetry depends on the total number of ND and DN directions which is captured by the matrix in (4.16). Since a single D-brane originally had 8 = 4_{D−} +4_{D+} kinematical supersymmetries as shown in table 2, intersecting D-branes, depending on the total number of ND directions, will have 8 = 4_{D−} + 4_{D+} , 4 = 2_{D−} + 2_{D+} , or 0 kinematical supersymmetries according to eq. (6.2).

Now we will discuss the dynamical supersymmetry of intersecting D-branes. It is useful to recall the (anti-)commutation relations between γ^I = {γ^r, γ^{r′} , γ^i, γ^{i′} }, Ω_0 and Ω_π to find conserved dynamical supersymmetries:

{γ^r, Ω_0} = {γ^i, Ω_0} = [γ^{r′} , Ω_0] = [γ^{i′} , Ω_0] = 0 , (6.5) {γ^r, Ω_π} = {γ^{i′} , Ω_π} = [γ^{r′} , Ω_π] = [γ^i, Ω_π] = 0 . (6.6)

Here we adopted the indices explained in footnote 3.

To follow the same strategy explained above, we introduce a dynamical supercharge of intersecting D-branes defined by^6

q^− = I_±(Q^{−1} − ΩQ^{−2}) (6.7)

where I_+ is for A-type branes and I_− for B-type branes. Since the supercharge in eq. (6.7) is just the projection of that in eq. (5.15), it is obvious that the supercharge in eq. (6.7) also satisfies the conservation law (5.16). Using the (anti-)commutation relations (6.5) and (6.6), it is easy to find q^−_σ from eq. (5.17) which is given by

q^−_σ = √ 1 2p^+ ( (∂_τ X^rγ^r − ∂_σX^{r′} γ^{r′} )I_±(S^1 − Ω_0S^2) + (∂_τ X^iγ^i − ∂_σX^{i′} γ^{i′} )I_∓(S^1 − Ω_0S^2)+

6 Note that there is a minor difference between eq. (6.7) and that in [21] due to the different definition about q^− mentioned in footnote 4.

– 18 –

+(∂_τ X^{r′} γ^{r′} −∂_σX^rγ^r)I_±(S^1 + Ω_0S^2) + (∂_τ X^{i′} γ^{i′} −∂_σX^iγ^i)I_∓(S^1+Ω_0S^2) + + μX^rγ^rΩ_0ΠI_±(S^1 + Γ_0Ω_0S^2) + μX^iγ^iΩ_0ΠI_∓(S^1 + Γ_0Ω_0S^2) − − μX^{r′} γ^{r′} Ω_0ΠI_±(S^1 − Γ_0Ω_0S^2) − μX^{i′} γ^{i′} Ω_0ΠI_∓(S^1 − Γ_0Ω_0S^2) ) . (6.8)

Since the case Γ^2_0 = −1 cannot preserve any supersymmetry, we will focus on the case Γ^2_0 = 1. To find the condition for q^−_σ |_{∂Σ} to vanish, we first decompose the supercharge q^− in eq. (6.7) in terms of the projection matrix P_± =^1_2 (1 ± Γ_0): q^−_± ≡ P_±I_±(Q^{−1} − ΩQ^{−2}) . (6.9) Using eqs. (5.30)–(5.31) and adopting the notation in footnote 3, it is then easy to see that

q^−_{+σ}|_{∂Σ} = − √ 1 2p^+ ( (∂_σ X^ṙγ^ṙ − μX^ṙγ^ṙΩ_0Π)I_±(S^1_+ + Ω_0S^2_+) + + (∂_σ X^{r̂}γ^{r̂} + μX^{r̂′} γ^{r̂′} Ω_0Π)I_±(S^1_− + Ω_0S^2_−) + + (∂_σ X^{i̇}γ^{i̇} − μX^{i̇}γ^{i̇}Ω_0Π)I_∓(S^1_+ + Ω_0S^2_+) + + (∂_σ X^îγ^î + μX^{î′} γ^{î′} Ω_0Π)I_∓(S^1_− + Ω_0S^2_−) + + (∂_σ X^{i̇′} γ^{i̇′} + μX^{i̇′} γ^{i̇′} Ω_0Π)I_∓(S^1_+ − Ω_0S^2_+) + + (∂_σ X^{î′} γ^{î′} − μX^îγ^îΩ_0Π)I_∓(S^1_− − Ω_0S^2_−) ) (6.10) and q^−_σ|_{∂Σ} = − √ 1 2p^+ ( (∂_σX^ṙγ^ṙ + μX^{ṙ′} γ^{ṙ′} Ω_0Π)I_±(S^1_− + Ω_0S^2_−) + + (∂_σX^{r̂}γ^{r̂} − μX^{r̂}γ^{r̂}Ω_0Π)I_±(S^1_+ + Ω_0S^2_+) + + (∂_σX^{i̇′} γ^{i̇′} − μX^{i̇}γ^{i̇}Ω_0Π)I_∓(S^1_− − Ω_0S^2_−) + + (∂_σX^{î′} γ^{î′} + μX^{î′} γ^{î′} Ω_0Π)I_∓(S^1_+ − Ω_0S^2_+) + (∂_σX^{i̇}γ^{i̇} + μX^{i̇′} γ^{i̇′} Ω_0Π)I_∓(S^1_− + Ω_0S^2_−) + + (∂_σX^îγ^î − μX^îγ^îΩ_0Π)I_∓(S^1_+ + Ω_0S^2_+) ) (6.11) where we dropped obviously vanishing terms at the boundary ∂Σ. The second identities in eqs. (4.12)–(4.13) played a crucial role to derive the above result.

It is straightforward to find intersecting D-brane configurations preserving some dynamical supersymmetry from eqs. (6.10)–(6.11). Here the second identities in eqs. (4.12)– (4.13) will play a crucial role again to do this job. Also recall the following facts γQ^{−A} = −Q^{−A} , γS^A = S^A . (6.12)

• Γ_0 = Γ_π = −1: This case is exactly the D_− − D_− brane intersections studied in [21].

The worldsheet current is given by eq. (6.11) where only S^A_− = S^A spinors survive. From eq. (6.8), one can see that there can be supersymmetric intersections of D_−5- branes with a constant flux when ♯_{ND} = 0, 4, 8. For example, let us consider a ♯_{ND} = 4 intersection of D5-brane extended along (1, 2, 3, 5) directions with flux

– 19 –

F_{+5} = μq_1 and D5-brane along (1, 2, 4, 6) directions with flux F_{+6} = μq_2. In this case, we have Ω_0Π = −γ^{45}, Ω_πΠ = γ^{36}, and Ω^T_0 Ω_π = γ^{3456}. It is easy to check that q^−_σ |_{∂Σ} = 0 if the following boundary conditions are satisfied

∂_σX^{1,2,3}|_{σ=0} = 0 = X^{6,7,8}|_{σ=0}, (∂_σX^5 − μq_1)_{σ=0} = 0 = (X^4 − q_1)_{σ=0} , ∂_σX^{1,2,4}|_{σ=π} = 0 = X^{5,7,8}|_{σ=π}, (∂_σX^6 − μq_2)_{σ=π} = 0 = (X^3 − q_2)_{σ=π} .(6.13)

Similarly, for a ♯_{ND} = 8 intersection of D5-brane extended along (1, 2, 3, 5) directions with flux F_{+5} = μq_1 and D5-brane along (4, 6, 7, 8) directions with flux F_{+4} = μq_2, one can also check that q^−_σ |_{∂Σ} = 0.

• Γ_0 = Γ_π = 1: This case corresponds to the D_+ − D_+ brane intersections. The worldsheet current is given by eq. (6.10) where only S^A_+ = S^A spinors survive. It is convenient to decompose the supercharge q^−_+ in terms of the projection matrix P^{D+}_± =^1_2 (1 ± Ω_0Π) as in eq. (5.22). Note that the third term in eq. (6.10) gives a constraint only at σ = 0, i.e., a Neumann boundary condition while the fifth term does only at σ = πα, also a Neumann boundary condition. Using eqs. (5.23)–(5.24), we get

(∂_σ X^{r1} ∓ μX^{r1} )_{∂Σ} = 0 , (∂_σ X^{r2} ± μX^{r2} )_{∂Σ} = 0 , (6.14) (∂_σ X^{i1} ∓ μX^{i1} )_{σ=0} = 0 , (∂_σ X^{i2} ± μX^{i2} )_{σ=0} = 0 , (6.15) (∂_σ X^{i′1} ∓ μX^{i′1} )_{σ=πα} = 0 , (∂_σ X^{i′2} ± μX^{i′2} )_{σ=πα} = 0 , (6.16)

where the upper sign is for P^{D+}_+ and the lower one for P^{D+}_− . We see that the D_+ −D_+ brane intersections can preserve some dynamical supersymmetries as long as the worldvolume fluxes are consistently aligned as the way in eqs. (6.14)–(6.16). Consider, for example, (+, −, 4, 0) − (+, −, 1, 1) brane intersection. The supersymmetric boundary conditions must be

∂_σ X^{r1} − μX^{r1} = 0 , ∂_σX^{i1} − μX^{i1} = 0 , ∂_σX^{i′2} + μX^{i′2} = 0 (6.17)

for r_1 = 1, i_1 = 2, 3, 4 and i^′_2 = 5, for example. However, (+, −, 4, 0) − (+, −, 0, 4) brane intersection cannot satisfy eq. (6.15) and eq. (6.16) simultaneously and thus preserves no dynamical supersymmetry as was shown in [21].

• Γ_0 = Γ_π = −γ: This case is the OD_−5 − OD_−5 brane intersection. The worldsheet current is given by eq. (6.10) where only S^A_− = S^A spinors survive since eq. (6.12). The dynamical supersymmetry can be preserved as long as the two branes are placed at origin, viz., X^{r̂′} |_{∂Σ} = X^{î′} |_{σ=0} = X^î|_{σ=πα} = 0 , (6.18)

and they satisfy the usual Neumann boundary conditions. These boundary conditions are the same as the D_−5 − D_−5 brane case as expected.

• Γ_0 = Γ_π = γ: This case is the OD_+5 − OD_+5 brane intersection. The worldsheet current is given by eq. (6.11) where only S^A_+ = S^A spinors survive since eq. (6.12). Any dynamical supersymmetry is not preserved as expected.

– 20 –

• Γ_0 = Γ_π = ±γ^{1256}: First, note that for Ω_0 =^1_2 (γ^1 −γ^6)(γ^2 ∓γ^5)γ^{34} in table 1

Ω_0Π = P_+ + γ^{16}P_− (6.19)

and for Ω_0 =^1_2 (γ^1 −γ^6)(γ^2 ∓γ^5)γ^{78}

Ω_0Π = ∓(P_+ − γ^{16}P_−)γ . (6.20)

For the first case (6.19), there are two ways to preserve dynamical supersymmetries. One set can be read off from eq. (6.10):

X^{r̂′} |_{∂Σ} = X^{î′} |_{σ=0} = X^î|_{σ=πα} = 0 , ∂_σX^{r̂}|_{∂Σ} = ∂_σX^î|_{σ=0} = ∂_σX^{î′} |_{σ=πα} = 0 , (∂_σ X^ṙ − μX^ṙ)_{∂Σ} = (∂_σX^{i̇} − μX^{i̇})_{σ=0} = (∂_σ X^{i̇′} + μX^{i̇′} )_{σ=πα} = 0 . (6.21)

The other set can be done from eq. (6.11):

X^{ṙ′} |_{∂Σ} = X^{i̇′} |_{σ=0} = X^{i̇}|_{σ=πα} = 0 , ∂_σX^ṙ|_{∂Σ} = ∂_σX^{i̇}|_{σ=0} = ∂_σX^{i̇′} |_{σ=πα} = 0 , (∂_σ X^{r̂} − μX^{r̂})_{∂Σ} = (∂_σX^î − μX^î)_{σ=0} = (∂_σ X^{î′} + μX^{î′} )_{σ=πα} = 0 . (6.22)

For the second case (6.20), the result is similar.

For the OD5-brane with Ω_0 =^1_2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{37} and the OD7-brane with Ω_0 = 1 2 (γ^1 − γ^6)(γ^2 ± γ^5)γ^{3478} in table 1, we can apply the same method as section 5. After defining (now triply) projected supercharges like as (5.46), one can easily find the supersymmetric boundary conditions. These are the same as eqs. (6.21)–(6.22) except that the Neumann boundary conditions modified by gauge field condensates are split into two SO(4) directions in a way consistent with the equation of motion such as eq. (5.49).

There is a subtle point when we consider an intersection of the OD5-brane with Ω_0 =^1_2 (γ^1−γ^6)(γ^2±γ^5)γ^{34} and the OD5-brane with Ω_π =^1_2 (γ^1−γ^6)(γ^2±γ^5)γ^{37} as a typical example. If we choose the former brane as a reference brane, the projection matrix (5.21) is no longer needed to construct a conserved supercharge. However, if we choose the latter one, the projection matrix, at first sight, seems to be necessary to construct a conserved supercharge. This seems to introduce a contradictory result that the conserved dynamical supersymmetry depends on our choice of a reference brane. This puzzle can be resolved as follows. Suppose that we choose the OD5- brane described by Ω_π as a reference brane. Since we have already had the projection matrix I_±, the gluing matrix Ω_π can be represented by Ω_0 as follows

Ω_π = Ω_0(I_+ − I_−) . (6.23)

Thus it is not necessary to further introduce the projection matrices (5.21) and the dynamical supersymmetry is not further reduced in the case at hand. The other cases, e.g. the OD7-branes with Ω_π =^1_2 (γ^1 −γ^6)(γ^2 ±γ^5)γ^{3478}, are similar too.

– 21 –

D-brane type Intersection q^+ q^− Γ_0 = Γ_π = −1 D_−p − D_−q ν^1_2 Tr(1 − γ)I_± D_−5 − D_−5 ν^1_2 Tr(1 − γ)I_± Γ_0 = Γ_π = 1 D_+1 − D_+p ν^1_2 Tr(1 − γ)P^{D+}_± I_± D_+p − D_+q ν^1_2 Tr(1 − γ)P^{D+}_± I_± Γ_0 = Γ_π = −γ OD_−5 − OD_−5 ν^1_2 Tr(1 − γ)I_± Γ_0 = Γ_π = γ OD_+5 − OD_+5 ν 0 Γ_0 = Γ_π = ±γ^{1256} ODp − ODq ν^1_2 Tr(1 − γ)P^{D+}_± P_±I_± Γ_0 = −1, Γ_π = −γ D_−p − OD_−5 ν 0 Γ_0 = 1, Γ_π = γ D_+p − OD_+5 ν 0 Γ_0 = ±γ^{1256}, Γ_π = ±γ^{3478} ODp − ODq ν 0

Table 3: Supersymmetry of intersecting D-branes. ν = n_{D−} + n_{D+} is the number of unbroken kinematical supersymmetry where n_{D−} =^1_2 Tr(1 + γ)P_−I_± (D_−-type) and n_{D+} =^1_2 Tr(1 + γ)P_+I_± (D_+-type). A D-brane with a gauge field condensate is denoted by the boldface.

• Γ_0 = −1, Γ_π = −γ: This case is the D_−p − OD_−5 brane intersection. However any dynamical supersymmetry cannot be preserved. The reason is simple: If we choose P_± =^1_2 (1 ± Γ_0), the non-vanishing supercharge is q^−. As it should be, the physics must be equally well described in view of the D-brane at σ = πα as well where P_± =^1_2 (1 ± Γ_π). Then the non-vanishing supercharge is now q^−_+. But these two charges cannot simultaneously be compatible with each other as we discussed below eq. (5.40). This kind of thing does not happen for kinematical supersymmetry since γQ^{+A} = Q^{+A}, which is a reason why it can be preserved in the case of Γ_0 = Γ_πγ.

• Γ_0 = 1, Γ_π = γ: This case is the D_+p − OD_+5 brane intersection. Similarly this case has no dynamical supersymmetry.

• Γ_0 = ±γ^{1256}, Γ_π = ±γ^{3478}: This case corresponds to the ODp − ODq brane intersection. This case has no dynamical supersymmetry either since (1 ± γ^{1256})(1 ± γ^{3478}) = (1 ± γ^{1256})(1 + γ).

We summarized the supersymmetry preserved by various configurations of intersecting D-branes in table 3. The number of each type of kinematical supersymmetries depends on the total number of ND and DN directions in a way determined by the projection matrix I_±P_− (D_−-type) or I_±P_+ (D_+-type) as was shown in eq. (6.2). The number of dynamical supersymmetries listed in table 3 may be counted using the relations (6.19), (6.20), and (6.23).

7. Supersymmetric curved D-branes

It was shown in [9, 10] that the plane wave background (1.1) admits supersymmetric curved D-branes as well as oblique D-branes. We will also classify the supersymmeric curved Dbranes including those not mentioned in the previous literatures.

– 22 –

To discuss curved D-branes, it is convenient to introduce the complex coordinates as Z^i = X^i + iX^{i+4} , i = 1, . . . , 4 (7.1) and the fermionic creation and annihilation operators

b_i = 1 2 (γ^i − iγ^{i+4}) , b^†_i = 1 2 (γ^i + iγ^{i+4}) , (7.2) {b_i, b^†_j } = δ_{ij} , i, j = 1, . . . , 4 . (7.3) Using a general N = (2, 2) supersymmetric worldsheet theory, Hikida and Yamaguchi showed in [9] that a supersymmetric curved D-brane is wrapped on a complex submanifold and the superpotential due to the geometry (1.1) should be constant on its worldvolume. The maximally supersymmetric plane wave (1.1) has a special superpotential W = i(Z^2_1 + Z^2_2 + Z^3_3 + Z^2_4 ) . (7.4) Thus possible supersymmetric curved D-branes in the background (1.1) can be exhausted as follows:

D7 : Z^2_1 + Z^2_2 + Z^3_3 + Z^2_4 = c_1 , (7.5) D5 : Z^2_1 + Z^2_2 + Z^3_3 = c_1 , Z_4 = c_2 , (7.6) Z^2_1 + Z^2_2 = c_1 , Z^2_3 + Z^2_4 = c_2 , (7.7) Z^2_1 + Z^2_2 = c_1 , Z_3 = iZ_4 , (7.8) D3 : Z^2_1 + Z^2_2 = c_1 , Z_3 = c_2 , Z_4 = c_3 , (7.9) where c_i’s are complex constants. Following the ref. [10], we identify the gluing matrices Ω for the above curved D-branes as follows:

D7 : Ω = −i[b_i, b^†_j ] Z̄iZj ∑_4 k=1 |Z_k|^2 , i, j = 1, . . . , 4 , (7.10) D5 : Ω = −i[b_i, b^†_j ]γ^{48} Z̄iZj ∑_3 k=1 |Z_k|^2 , i, j = 1, 2, 3 , (7.11)

Ω = −[b_i, b^†_j ][b_k, b^†_l ] Z̄iZj |Z_1|^2 + |Z_2|^2 Z̄kZl |Z_3|^2 + |Z_4|^2

, i, j = 1, 2 , k, l = 3, 4 , (7.12)

Ω = − i 2 [b_i, b^†_j ](γ^3 + γ^8)(γ^4 − γ^7) Z̄iZj |Z_1|^2 + |Z_2|^2

, i, j = 1, 2 , (7.13)

D3 : Ω = −i[b_i, b^†_j ]γ^{3478} Z̄iZj |Z_1|^2 + |Z_2|^2

, i, j = 1, 2 , (7.14)

where Ω’s are now taken to be the product of the γ-matrices associated to the Dirichlet directions. The D7-brane in eq. (7.5) was previously discussed in [9, 10] and the D5-brane in eq. (7.6) was in [10]. Note that Ω^T Ω = 1 always and Ω^2 = −1 for D7- and D3-branes while Ω^2 = 1 for D5-branes.

The fermionic boundary condition is still given by eq. (2.10), but with the gluing matrix Ω depending on the nontrivial worldvolume geometry of D-branes as shown in eqs. (7.10)– (7.14). Furthermore, it turned out [10] that an open string on curved D-branes satisfies

– 23 – very complicated Neumann boundary conditions modified by fermion bilinears. Thus it is in practice difficult to find the open string mode expansion for the curved D-branes and to generalize the worldsheet formulation for the supersymmetry analysis in section 5 to the present case. Nevertheless it is possible to identify unbroken supersymmetries of the curved D-branes described by eqs. (7.10)–(7.14) by applying the results given in [25, 9, 10].

In order to discuss the supersymmetry, it is convenient to introduce a Fock space notation. The vacuum is defined to be the spinor annihilated by all b_i’s and denoted by | ↓⟩ = (−, −, −, −). And the top spinor annihilated by all b^†_i ’s is denoted by | ↑⟩ = (+, +, +, +). The other fourteen spinors are defined as |i ↓⟩ = b^†_i | ↓⟩ = (+, −, −, −)_{i=1}, |i ↑⟩ = b_i| ↑⟩ = (−, +, +, +)_{i=1}, and |ij⟩ = b^†_i b^†_j | ↓⟩ = (+, +, −, −)_{i,j=1,2} or b_ib_j | ↑⟩ = (−, −, +, +)_{i,j=1,2}. The IIB chiral spinors ϵ_± in light-cone are 8-component complex spinors. ϵ_+ is related to the supersymmetries that are non-linearly realized on the worldsheet, i.e., the kinematical supersymmetries and ϵ_− is to those that are linearly realized on the worldsheet, namely, the dynamical supersymmetries.^7 It was shown in [25] that the supersymmetric solutions ϵ_± for the maximally supersymmetric background (1.1) can be parameterized in this Fock space as

ϵ_+ = κ_1 + iκ_2 = β^iZ̄^i|i ↓⟩ + δ^iZ^i|i ↑⟩ , (7.15) ϵ_− = ϵ_1 + iϵ_2 = α| ↓⟩ + η^{ij} |ij⟩ + ζ| ↑⟩ , (7.16)

where α, η^{ij} , ζ, β^i and δ^i are complex constants.

For an open string on a curved D-brane described by a gluing matrix Ω, we have the boundary conditions [10]

κ_1 = Ωκ_2 , (7.17) ϵ_1 = −Ωϵ_2 . (7.18)

In terms of the Fock basis (7.15) and (7.16), the boundary conditions (7.17) and (7.18), respectively, can be expressed as Ω|i ↓⟩ = a_i|i ↓⟩ , Ω|i ↑⟩ = b_i|i ↑⟩ , (7.19) Ω| ↓⟩ = Ω|ij⟩ = Ω| ↑⟩ = constant , (7.20)

where a_i and b_i are complex constants and no summation for i is assumed in eq. (7.19). We can explicitly solve eqs. (7.19)–(7.20) for each Ω in (7.10)–(7.14) which allows us to identify the unbroken supersymmetries. We summarized the possible solutions corresponding to kinematical and dynamical supersymmetries in table 4. The spinors |4 ↑⟩, |4 ↓⟩ for eq. (7.11) in table 4 satisfy ΠΩΠΩ = 1, which thus give rise to the D_+-brane kinematical supersymmetry while the other two do ΠΩΠΩ = −1 giving rise to the D_−-brane kinematical supersymmetry. The kinematical supersymmetry for eq. (7.11) is not inconsistent with [10] since they concerned only the D_−-brane kinematical supersymmetry satisfying ΠΩΠΩ = −1.

7Note that we are using the different convention from that in [25, 9, 10] according to our assignment of SO(8) chirality for the kinematical and the dynamical supersymmetries. To be with this convention, we take the vacuum | ↓⟩ as a negative chirality spinor, viz., γ| ↓⟩ = −| ↓⟩.

– 24 –

D-brane type W Ω q^+ q^− D7 (7.5) (7.10) 0 | ↓⟩, | ↑⟩ (7.6) (7.11) |4 ↑⟩, |4 ↓⟩ | ↓⟩, | ↑⟩ D5 (7.7) (7.12) 0 | ↓⟩, |12⟩, |34⟩, | ↑⟩ (7.8) (7.13) |4 ↑⟩, |3 ↑⟩, |3 ↓⟩, |4 ↓⟩ | ↓⟩, |12⟩, |34⟩, | ↑⟩ D3 (7.9) (7.14) |4 ↑⟩, |3 ↑⟩, |3 ↓⟩, |4 ↓⟩ | ↓⟩, |12⟩, |34⟩, | ↑⟩ Table 4: Supersymmetric curved D-branes. We indicated the equation number for the superpotential W and the gluing matrix Ω.

There may be curved D-branes preserving only kinematical supersymmetries on which W is not constant and thus dynamical supersymmetries are completely broken. We will not explore this kind of curved D-branes.

8. Discussion

The aim of this paper was to give a systematic classification of D-branes in the type-IIB plane wave background. Of course, our work does not mean to complete this goal even in the maximally supersymmetric plane wave background (1.1). We only considered a free string theory in the plane wave background and static D-branes. Moreover we used the light-cone open string theory where only longitudinal D-branes are visible. String interactions may break certain symmetries. Furthermore there can exist less supersymmetric solutions than those found in this paper, e.g., by considering D-branes intersecting at general angles [26, 27] or by considering more general plane wave backgrounds [25].

Let us discuss some related issues mentioned above. In this paper we considered only static D-branes. However one can generate new D-branes, symmetry related D-branes which are in general time-dependent branes [17], from static D-branes using the symmetries being in the action (2.1) and the target spacetime (1.1) but broken by D-branes, e.g., the translation and the boost generators along the transverse directions, P^{r′} and J^{+r′} . A rotating D-brane and a giant graviton in Penrose limit can be described by these symmetry related boundary conditions which preserve the same amount of supersymmetry [17].

In this paper we studied parallel and orthogonally intersecting D-branes only. It will be straightforward to extend our analysis to D-branes intersecting at general angles [21]. Since the rotational symmetry is reduced to SO(4) × SO(4)^′, there are only two kinds of supersymmetric intersection at general angles, resulting in less supersymmetric D-brane configurations. One is generated by SU(2) ⊂ SO(4) or SO(4)^′ and the other is generated by SU(2) × SU(2) ⊂ SO(4) × SO(4)^′. The former case preserves the supersymmetry by half after rotation while the latter does by quarter like in the flat spacetime.

The dynamical supersymmetry of an OD-brane also appears to be broken when the brane is located away from the origin of transverse space and the breaking terms depend only on the boundary value of some Dirichlet coordinates like as D_−-branes. It can be shown [17], however, that the broken dynamical supersymmetries can be restored by modifying transformation rules using a worldsheet symmetry realized in the action (2.1).

– 25 –

However it was argued in [28] that these extra symmetries in the case of D-branes are not respected by string interactions. The same thing happens for the kinematical supersymmetry preserved by D_+-branes. Thus this result implies that the dynamical supersymmetry of a D_−-brane or a related OD-brane located away from the origin and the kinematical supersymmetry of a D_+-brane or a related OD-brane are broken down by turning on the string interaction.

The isometry in the plane wave background (1.1) is indeed SO(4) × SO(4)^′ × Z_2 where the first SO(4) is a remnant of the SO(4, 2) isometry group of AdS_5 and the second SO(4)^′ is a remnant of the SO(6) isometry group of S^5. The peculiar Z_2 symmetry exchanges these two SO(4)’s as defined by (2.12). As we speculated in footnote 2, the Z_2 symmetry seems to play an important role in the existence of OD-branes. This discrete symmetry survives only in the strict plane wave limit. This symmetry is broken if we perturb slightly away from the limit to AdS_5 × S^5. In the pp-wave/SYM duality, the rotation group SO(4) × SO(4)^′ in the string theory is mapped to the product of the Lorentz (euclidean) symmetry and the R-symmetry, SO(4)_L × SO(4)_R, in the field theory. Thus, on the field theory side, the Z_2 symmetry interchanges the action of SO(4)_L with SO(4)_R. A symmetry between spacetime and the internal (R-)space is quite novel. Since the Z_2 symmetry is inherited from closed strings, it is natural to expect that the Z_2 symmetry is respected by string interactions unlike that in [28]. If this is true, the supersymmetry of OD-branes descending from the closed string will be preserved even after introducing string interactions.

It should be interesting to generalize the classification of D-branes as done in this paper to other backgrounds, e.g., the Penrose limit of AdS_5 × S^5/Z_N, the type-IIA plane wave and the Gödel universe. We hope to address these problems in the near future.

Acknowledgments

We are grateful to Yasuaki Hikida for useful discussions and explaining us their work [9]. We are supported by the grant from the Interdisciplinary Research Program of the KOSEF (No. R01-1999-00018) and a special grant of Sogang University. BHL is supported by the Korean Research Foundation Grant KRF 2003-015-C00111, 2003-070-C00011, and D00027. HSY was supported by the Brain Korea 21 Project in 2003.

A. D-brane field equations

Here we will show, using the general D5-brane field equations derived in [14], that the modified Neumann boundary conditions in eqs. (5.35) and (5.38) can be realized by appropriately turning on a worldvolume flux.

In our case under consideration, Φ = B_{ij} = C^{RR}_n = 0 except as C^{RR}_4 giving rise to the background F_5 = dC^{RR}_4 in eq. (1.1).^8 The relevant worldvolume Chern-Simons coupling is then of the form S_{W Z} = τ_5 ∫ Σ_6

C^{RR}_4 ∧ ^F_2 (A.1)

8In this appendix we will use the notation adopted in [14] and set 2πα^′ = 1.

– 26 – where ^F_2 is a gauge flux in the D5-brane worldvolume Σ_6. The equations of motion for a D5-brane read as (see eq. (3.2) in [14]):

∂_i( √ −Mθ^{ii1} ) = 1 5! ϵ^{i1i2i3i4i5i6} F_{i2i3i4i5i6} , (A.2) ∂_i( √ −MG^{ij} ∂_j X^ng_{mn}) = 0 , (A.3)

where M_{ij} = g_{ij} + ^F_{ij} and G^{ij} = ( 1 g + ^F g 1 g − ^F )_{ij} , (A.4)

θ^{ij} = ( 1 g + ^F ^F 1 g − ^F )_{ij} . (A.5)

Let us first check the equations of motion (A.2) and (A.3) for the familiar example, (+, −, 4, 0) D5-brane, which also serves to fix the relation between the worldvolume flux ^F_2 and the field strength F_2 entering in the worldsheet boundary coupling such as (5.42) and (5.44). The world volume coordinates are given by ξ^i = (X^+, X^−, X^1, X^2, X^3, X^4). Since √ −M = 1 and G^{++} = 0 in the metric (1.1), the left-hand side of eq. (A.3) identically vanishes and thus eq. (A.3) gives no constraint. However, eq. (A.2) gives some constraint for flat (+, −, 4, 0) embedding since

∂_r ^F^{−r} = 2μ , (r = 1, . . . , 4) (A.6)

where we used the fact that θ^{−r} = ^F^{−r}. Now we identify

2 ^F^{−r} = F^{−r} (A.7)

from which we get^9 F^{−r} = μX^r (A.8) which is exactly the Born-Infeld flux necessary to preserve the dynamical supersymmetry of (+, −, 4, 0)-brane [20].

Let us now check the equations of motion (A.2) and (A.3) for an OD5-brane, to be specific, described by Ω =^1_2 (γ^1 − γ^6)(γ^2 − γ^5)γ^{34} whose world volume coordinates ξ^i = (X^+, X^−, X^{^1}, X^{^2}, X^{˙3}, X^{˙4}) are given below eq. (3.1). Only eq. (A.2) gives a constraint for flat embedding ξ^i with flux:

∂_r ^F^{−r} = μ , (r = ^1, ^2 or ˙3, ˙4) . (A.9)

Note that the right-hand side of eq. (A.9) is reduced by half compared to the (+, −, 4, 0)- brane since the worldvolume of the OD5-brane, ^Σ_6, is slanted against the background RR 5-form F_5 = dC^{RR}_4 . Using the relation (A.7), we get

F^{−ṙ} = μX^ṙ , ṙ = ˙3, ˙4 , (A.10) F^{−r̂} = μX^{r̂} , r̂ = ^1, ^2 , (A.11)

9Indeed the factor 2 difference was originated from our different normalization between worldsheet lightcone coordinates defined by σ^± =^1_2 (τ ± σ) and worldvolume light-cone coordinates given by ξ^± = X^± = 1√ 2 (X^0 ± X^9).

– 27 – which are the correct worldvolume fluxes necessary to preserve the dynamical supersymmetry of the OD5-brane as was shown in eqs. (5.42) and (5.44).

Similarly, we can apply the same method to an OD_+5-brane with flux. If the OD_+5- brane could preserve the dynamical supersymmetry, the Neumann boundary condition should be modified as ∂_σ X^r − μX^r = 0, ∀r = (^1, ^2, ^3, ^4). However it is not possible since the equation (A.2) for the OD_+5-brane embedding with flux now requires

∂_rF^{−r} = μ ⇔ F^{−r} = μ 4 X^r . (A.12)

References

[1] J. Polchinski, String theory, Cambridge University Press, Cambridge 1998.

[2] C.V. Johnson, D-branes, Cambridge University Press, Cambridge 2003.

[3] M. Li, Boundary states of D-branes and DY-strings, Nucl. Phys. B 460 (1996) 351 [hep-th/9510161].

[4] M.B. Green and M. Gutperle, Light-cone supersymmetry and D-branes, Nucl. Phys. B 476 (1996) 484 [hep-th/9604091].

[5] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, J. High Energy Phys. 01 (2002) 047 [hep-th/0110242]; Penrose limits and maximal supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081].

[6] R.R. Metsaev, Type iib Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044].

[7] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[8] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[9] Y. Hikida and S. Yamaguchi, D-branes in PP-waves and massive theories on worldsheet with boundary, J. High Energy Phys. 01 (2003) 072 [hep-th/0210262].

[10] M.R. Gaberdiel, M.B. Green, S. Schafer-Nameki and A. Sinha, Oblique and curved D-branes in iib plane-wave string theory, J. High Energy Phys. 10 (2003) 052 [hep-th/0306056].

[11] G. Sarkissian and M. Zamaklar, Diagonal D-branes in product spaces and their Penrose limits, J. High Energy Phys. 03 (2004) 005 [hep-th/0308174].

[12] M. Billo and I. Pesando, Boundary states for gs superstrings in an HPP wave background, Phys. Lett. B 536 (2002) 121 [hep-th/0203028].

[13] A. Dabholkar and S. Parvizi, Dp-branes in PP-wave background, Nucl. Phys. B 641 (2002) 223 [hep-th/0203231].

[14] K. Skenderisand M. Taylor,Branes in AdS and pp-wave spacetimes, J. High Energy Phys. 06 (2002) 025 [hep-th/0204054].

[15] P. Bain, P. Meessen and M. Zamaklar, Supergravity solutions for D-branes in HPP-wave backgrounds, Class. and Quant. Grav. 20 (2003) 913 [hep-th/0205106].

– 28 –

[16] O. Bergman, M.R. Gaberdiel and M.B. Green, D-brane interactions in type-IIB plane-wave background, J. High Energy Phys. 03 (2003) 002 [hep-th/0205183].

[17] K. Skenderis and M. Taylor, Open strings in the plane wave background. I: quantization and symmetries, Nucl. Phys. B 665 (2003) 3 [hep-th/0211011].

[18] M.R. Gaberdiel and M.B. Green, The D-instanton and other supersymmetric D-branes in iib plane-wave string theory, Ann. Phys. (NY) 307 (2003) 147 [hep-th/0211122].

[19] K. Skenderis and M. Taylor, Open strings in the plane wave background. II: superalgebras and spectra, J. High Energy Phys. 07 (2003) 006 [hep-th/0212184].

[20] J.-w. Kim, B.-H. Lee and H.S. Yang, Superstrings and D-branes in plane wave, Phys. Rev. D 68 (2003) 026004 [hep-th/0302060].

[21] K.-S. Cha, B.-H. Lee and H.S. Yang, Intersecting D-branes in type-IIB plane wave background, Phys. Rev. D 68 (2003) 106004 [hep-th/0307146].

[22] Y. Michishita, D-branes in NS-NS and RR PP-wave backgrounds and s-duality, J. High Energy Phys. 10 (2002) 048 [hep-th/0206131].

[23] N.D. Lambert and P.C. West, D-branes in the Green-Schwarz formalism, Phys. Lett. B 459 (1999) 515 [hep-th/9905031].

[24] C.-S. Chu, V.V. Khoze, M. Petrini, R. Russo and A. Tanzini, A note on string interaction on the PP-wave background, hep-th/0208148.

[25] J. Maldacena and L. Maoz, Strings on PP-waves and massive two dimensional field theories, J. High Energy Phys. 12 (2002) 046 [hep-th/0207284].

[26] M. Berkooz, M.R. Douglas and R.G. Leigh, Branes intersecting at angles, Nucl. Phys. B 480 (1996) 265 [hep-th/9606139].

[27] N. Ohta and P.K. Townsend, Supersymmetry of M-branes at angles, Phys. Lett. B 418 (1998) 77 [hep-th/9710129].

[28] D.Z. Freedman, K. Skenderis and M. Taylor, Worldvolume supersymmetries for branes in plane waves, Phys. Rev. D 68 (2003) 106001 [hep-th/0306046].

– 29 –